Mainly drawing on screw theory and linear algebra, this paper presents a general approach for Jacobian analysis of lower mobility manipulators. Given 
Introduction
Lower mobility manipulators having fewer than six degrees of freedom (DOF) have drawn continuous interest in both industry and academia for many years. Velocity, accuracy and stiffness are three important performance factors that should essentially be considered in design of the lower mobility manipulators, particularly in the many circumstances where high speed, high precision and high rigidity are basic requirements.
Mathematically, the common manipulation required for velocity, accuracy and stiffness modeling is to formulate a specific linear map between two vector spaces at a given configuration. For example, velocity modeling involves the linear map between actuator rates and velocity twist of the end-effector. The matrix form of this map is known as the velocity Jacobian or Jacobian, for simplicity [1] [2] [3] . For accuracy modeling the required linear map is between source errors (inclusive of geometric errors of the components and movement errors of the actuators, for instance) and pose accuracy of the end-effector. In stiffness modeling it becomes the linear map between the deformation twist and the externally-applied wrench imposed on the end-effector. This common feature makes it possible to formulate all these models under a unified mathematical framework.
In the last few decades, intensive efforts have been made toward Jacobian analysis, and several useful approaches are now at hand. The most straightforward method is to differentiate a set of vector-based constraint equations. Although Jacobian analysis in an implicit form can easily be carried out for general discussion purposes [4] , it is by no means an easy task to achieve general and explicit expressions, as is shown by the case-by-case studies [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] though many others may not be included. The screw-based method [1, [22] [23] [24] [25] [26] [27] [28] [29] is more powerful and easily gives deep insight into the constraints imposed upon of a robotic system thanks to the compact and meaningful representation. The initial work along this track can be traced back to the original contribution made by Hunt [22] : expressing velocity twist of the end-effector as a linear combination of joint screws leads easily to the Jacobian of 6-DOF parallel manipulators [1, [23] [24] 28] . By exploiting the reciprocal properties of screw systems within a single open loop kinematic chain, the idea was then extended by Joshi and Tsai to develop a general and systemic approach for Jacobian analysis of non-overconstrained lower mobility parallel manipulators, resulting in a brand new 66 Jacobian known as the overall Jacobian, which accounts for both the actuation and constraint wrenches imposed upon the platform [27] . Use of the overall Jacobian can well explain the constraint singularity problem of a lower mobility parallel manipulator. More recently, the screw-based method has been employed to deal with the interconnected kinematic chains with serial and parallel architectures [30] , and kinestatic and singularity analysis of lower mobility manipulators [31] [32] . In addition, having an intrinsic nature similar to the screw-based method, the kinematic influence coefficient method [33] [34] is also be worthy of consideration.
Despite the undoubted merit of the overall Jacobian and kinematic influence coefficient method, they are limited to velocity analysis because the instantaneous motions accessible to the end-effector are merely considered. Therefore, driven by considerable practical benefits to manipulator designers, there is a need to revisit the existing approaches and to develop a theoretical package for Jacobian analysis that enables the first order kinematic and static (i.e. velocity, accuracy, force and stiffness) modeling to be integrated in a consistent and systematic manner.
In order to achieve the goals mentioned above, we propose a general approach for Jacobian analysis of lower mobility manipulators by taking into account the instantaneous motions that are inaccessible in theory but accessible in practice to the end-effector due to the inevitable errors resulting from manufacture and assembly processes. Having outlined in Section 1 the significance of Jacobian analysis and its existing problems, the paper is organized as follows. In Section 2, with a brief review of relevant theory, the twist/wrench spaces and their subspaces of an f-DOF rigid body are defined. The virtual work principle is used to identify a set of underlying relationships amongst these subspaces. This is followed in Section 3 with a scheme to develop the generalized Jacobian of serial manipulators. In Section 4, this model is then extended to cover parallel manipulators by considering the loop closure constraints. In Section 5, the potential to use the generalized Jacobian to formulate velocity, accuracy and stiffness models of serial and parallel manipulators is discussed. Finally, three practical illustrations are presented in Section 6 and conclusions are drawn in Section 7.
Twist Space, Wrench Space, and Their Subspaces of a Constrained Rigid Body
Mainly drawing on linear algebra and screw theory, this section defines the twist/wrench spaces and their subspaces for a constrained rigid body at a specified configuration in 3D space and identifies them using the virtual work principle.
In order to enable velocity, accuracy and stiffness modeling to be formulated in a consistent manner, it is necessary to consider the realistic instantaneous motions (twists) of an f-DOF ( 6 f ) body at a given configuration. On the one hand, it is well established that the entire set of the instantaneous motions theoretically accessible to the body forms an f-dimensional vector space, in which the motions belonging to the specific motion type and number of the body only occur. Whilst the entire set of instantaneous motions theoretically inaccessible to the body forms a 6-f dimensional vector space, in which the unexpected deviations not belonging to the specific motion type and number of the body may also occur due to the inevitable geometric errors in component manufacture and assembly, component compliances, etc. As a result, the entire set of realistic instantaneous motions of the body must form a six dimensional vector space known as the twist 
T T T .
On the other hand, the external wrench applied onto the body must be equilibrated by the sum of the wrenches generated by f independent actuators and the wrenches produced by the 6 f independent joint constraints. Thus, the entire set of external wrench must form a six dimensional vector space known as the wrench space Fig.1 depicts the underlying relationships amongst the twist/wrench subspaces, which are invariant with respect to a change of coordinate system. It should be pointed out that from a projective geometry viewpoint and via a simple example Lipkin and Duffy attempted to explore these relationships when they investigated into the elliptic polarity of screws [36] and the hybrid control of twists and wrenched of a constrained rigid body [37] . In what follows the relationships amongst these subspaces will be used to develop a general and systematic approach for Jacobian analysis of the manipulators with serial or parallel architectures.
Generalized Jacobian of Serial Manipulators

Determination of the Basis Elements of Four Subspaces
Consider an 6 f DOF serial manipulator. Let be the bases of four vector subspaces of the end-effector or the "body" mentioned above. Here, $ represents a unit twist (wrench) in the form of axis-coordinate (ray-coordinate) [22] . A natural choice for a serial manipulator is to use the unit screws (i.e. the unit screws of permissions) of the actuated joints as the basis elements of a T because the motion generators operate on these joints. As shown below, the process for obtaining the basis elements of c W and a W can be converted to that of determining 6-f orthogonal screws and f dual screws of an f-screw system; while the process for obtaining the basis elements of c T can be converted to that of determining 6-f screws of an f-orthogonal screw system and a 6-f dual screw system. Several numerical approaches have been made available for determining the basis elements of c W , the Gram Schmidt algorithm [23] and augmentation matrix approach [38] for instance. Nevertheless, it is preferable to use the observation method [1] so that the explicit expressions of these basis elements can be obtained. 
The Generalized Jacobian
We now use the properties of four subspaces to develop an effective method for formulating the linear map that relates the twist of the end-effector to the joint intensities of serial manipulators. (8) Rewriting Eqs. (7) and (8) 
where J is known as the generalized Jacobian of serial manipulators with 6 f DOF. The term "generalized" means that it has a broader sense than the overall Jacobian, which did not take the unit screws of restrictions into account.
Note that with this definition an explicit form for J can be obtained directly from Eq. 
It is easy to see that 1 J contains full information of the basis elements of all four subspaces.
Generalized Jacobian of Parallel Manipulators
Building upon the work in Section 3, the generalized Jacobian of parallel manipulators can be formulated with little effort. Let us consider an f-DOF ( 26 f ) parallel manipulator composed of l ( 1 f l f ) limbs connecting the platform (end-effector) with the base. We model each limb by assuming it contains i n ( 1, 2, , il ) 1-DOF joints with at most one of them actuated. Without losing generality, two families of parallel manipulators are considered. The first family covers fully parallel mechanisms with f constrained active limbs, i.e. 6
i n for all limbs; the Delta robot [39] and Sprint Z3 head [40] are examples. The second family contains those with f unconstrained active limbs (i.e. 6
i n for each of these f limbs) plus one properly constrained passive limb. Here, the term "properly constrained" means that the number and types of degrees of freedom of the limb are identical to those of the platform. The 3-DOF parallel module within the Tricept robot [41] is an example of this family. For convenience, the properly constrained passive limb is always designated by 1 lf . Any parallel manipulator not belonging to these two families can be dealt with in a manner similar to that used below.
For a parallel manipulator, the twist, t $ T , of the platform can be expressed as a linear combination of the basis elements of i T ( 1, 2, , i l ) because all limbs share the same platform, i.e. 
TT , , 
Rewriting Eqs. (14) and (15) unit wrenches of constraints can be visualized as the 'virtual' constraints. For instance, consider a parallel manipulator having identical limbs, each with 6 f linearly independent unit wrenches of constraints. Then the number of limbs should equal the number of degrees of freedom of the manipulator, and the 6 f unit wrenches of an arbitrary limb can be considered to be responsible for restricting the motion of the platform. The remaining 16 ff unit wrenches become 'virtual' constraints. Practically, these 'virtual' constraints would become 'real' due to misalignment of joint axes, etc., and they thereby might affect the mobility of a system as whole.
Discussions
In order to illustrate the generality of the generalized Jacobian in terms of velocity, accuracy and stiffness modeling, rewrite Eqs. (10) and (18) (19) for the serial kinematic manipulators, and (20) for the parallel manipulators. In summary, the generalized Jacobian proposed in this paper enables velocity, accuracy and stiffness modeling of f-DOF lower mobility manipulators with either serial or parallel architectures to be integrated into a unified framework. The use of the generalized Jacobian for accuracy and stiffness modeling of serial and parallel manipulators will be detailed in separate articles.
Examples
In order to demonstrate the methodology developed in the preceding sections, we perform here a generalized Jacobian analysis for three typical lower mobility parallel manipulators. Each of them is essentially composed of a number of serial kinematic chains as shown in Fig.3 .
Without losing generality, let the ith limb be connected to the platform at point O with the x , y , and z axes being parallel to the x, y, and z axes, respectively. Each example will use the formal derivation process for the generalized Jacobian, because it emphasizes the exact relationships involved. Alternatively, having generated the relevant twists and wrenches, they could be substituted directly into Eq. (18) to obtain the same results. Fig.4 shows the schematic diagram of a 3-PRS parallel manipulator which has been used as a 3-axis module named the Sprint Z3 [40] to build a 5-axis machine tool for high-speed machining. The manipulator consists of a base, a platform, and three identical limbs. Each limb connects the base to the platform in sequence by an actuated prismatic joint, a revolute joint, and a spherical joint. Therefore, we have 5 
The Sprint Z3 Head
$
, can be identified as a zero pitch screw passing through point i P and being parallel to 1,i n .
Hence, the twist of the platform can be written as Fig.5 shows the schematic diagram of the 3-DOF module within the Tricept robot [41] . It is composed of three identical actuated UPS limbs and one properly constrained passive UP limb. Each UPS limb connects the base to the platform in sequence by a universal joint, an actuated prismatic joint, and a spherical joint. The UP limb connects the base to the platform by a universal joint followed by a prismatic joint. 
The Tricept Robot
Taking inner products on both sides of Eqs. (33) and (34) 
